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symmetric, and those of the last row to the value of n for
which Ref. 5 leads to a minimum (namely n = 31/2/2, 0.50,
0.90 and 31/2/2 for the four sections, respectively). As
expected, Eq. (6) gives too conservative values, and so does
Eq. (10b) in the case of section B. For sections A, C, and D,
the ratios of the values for the minimum A77

cr given in the
last two rows are 0.70, 0.92, and 0.69, respectively; these
may be considered sufficiently close to unity to be useful
either for quick preliminary estimates or for rough checks
on more accurate calculations. It may be indeed concluded
that this will always be the case for all sections, except those
in which the bulk of the material is concentrated, as in section
B, away from the tip regions r\ > p.
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Nomenclature^
A,a = area of cross section, area of element
E(x,y) — modulus of elasticity in the z direction
Gxz,Gyz = torsional moduli on x and y axes of orthotropy
Kie}Kze = curvature defined in Eq. (6)
Px,Py = end loads in the x and y direction applied at the shear

center (Fig. 1)

Received August 11, 1970.
* Manager, Applied Mechanics & Analytical Services, Cum-

mins Engine Company, Columbus, Ind.
t Formerly, Senior Structures Analyst, Structures and Dy-

namics Group.
t Analytical Engineer, Structures Research and Technology

Group.
§ Professor of Mechanics, Rensselaer Hartford Graduate Cen-

ter, East Windsor Hill, Conn. Member AIAA.
^ For definitions of properties of cross section such as Ae, Mxe,

etc., see Eq. (5). See also basic nomenclature of Ref. 9.

wz,w,w = warping functions [Eq. (9) and (14)]
<r,e = normal stress and strain
r,y — shearing stress and strain
Vzx, Vzy Poisson's ratio for strain in the x direction due to

stress in the z direction, etc.

1. Introduction

FOR moderately thick beams, the classical Euler-Bernoulli
beam theory must be modified to include shear deforma-

tion, especially when such a beam is vibrating at frequencies
above the fundamental. The equations which include this
shear effect as well as rotatory inertia are due to Timoshenko.1
In these equations, the shearing strain may be expressed as
the average shearing stress divided by the shear modulus and
a shear coefficient K. This dimensionless coefficient, which
depends on the shape of the crosssection, must be introduced
since neither the shearing stress nor the shearing strain are
uniformly distributed over the crosssection.

A recent contribution2 on evaluating an acceptable value of
K requires an elasticity displacement solution for bending of
beams subjected to end load. Saint-Venant solved this prob-
lem for a homogeneous isotropic beam. Recent solutions for
isotropic and aeolotropic material, in terms of a stress func-
tion have been given by several authors.3"5 The problem has
also been solved for beams of nonhomogeneous material
whose Poisson's ratio is constant.6'7 Beams of only a few
simple geometric sections have been solved exactly due to the
mathematical complexity involved. Thus, an approximate
solution is needed. A numerical solution will yield the trans-
verse shear-stress distribution, the associated longitudinal
displacements (warping), and the location of the shear center.

2. Saint-Venant Beam Theory
for Nonhomogeneous Orthotropic Beams

The method of solution is to assume that the stresses ax,
ay, and rxy, in the beam of Fig. 1 are zero and then show that,
for either the isotropic or the orthotropic homogeneous beam,
four of the compatibility equations can be satisfied if ez is of
the form,

ez = cizy + c2zx + c& + c*y + c$z + c6 <rz = E(x>y)6z (1)

where CI-CG are constants of integration. Equation (1) is also
true for isotropic or orthotropic nonhomogeneous beams when
all Poisson's ratios are constant. Boundary conditions to be
satisfied are

fAa2dA = 0 fAazxdA = -Px(l - z)
fA<rzdA = -Py(l - z) (2)

If Eqs. (2) are satisfied then the boundary conditions

fArxzdA = Px fAryzdA = Py (3)

Fig. 1 Beam showing end loading.



526 AIAA JOURNAL VOL. 9, NO. 3

Table 1 Comparison of numerical results to the exact
solution for shear coefficient of isotropic homogeneous

square and circular sections

Square
No.

elements

4
121
256

Exact

~~ v = 1

K

1.015
0.8586
0.8547
0.8510

1 — Circle
No.

elements

76
152

Exact

K
0.9007
0.8989
0.8889

will also be satisfied. Substituting Eq. (1) into Eq. (2) yields

ClN = Px(MxeMye - AJxye) + Py(IveAe - Mye
2) (4a)

C*N = Px(IxeAe - Mxe*) + Py(MxMye ~ IXyeAe) (4b)

C*N = IPX(MX<? - IxeAe) + lPy(IXyeAe ~ M xeM ye) (4c)

C4# = lPx(IXyeAe - MxMye) + lPy(-IyeAe + M y*) (4d)

C5N = Px(IxyeMxe - IxeMye) + Py(IxyeMye - lyMxe) (4e)

CeN = lPX(!XeMye - IxyeMxe) + lPy(IyeMXe - IXyeMye) (4f)

where # = (7xjya - Ixye*)Ae - I*e.Mye
2 - 7yeMxe

2 +
2IxyeMXeMye,

y« = fAxEdA
Ixye = fAxyEdA (5)

If the x and T/ axes are located such that Mxe = Mye = 0 (i.e.,
area-material center of gravity is zero) then

= ~ C4/1 = K2e C5 = C6 = 0 (6)C2 = — Czl =

where
ye -p rylye r xl Xe —

7 7 _ 7 2-*• ze-f ye -t x^/e
(7)

and

Equation (8) shows that in the Saint-Venant bending prob-
lem az is distributed in the same manner as in the case of pure
bending. For homogeneous isotropic or orthotropic material
and x and y centroidal axes, Eqs. (7) and (8) reduce to those
given in Art. 52 of Ref. 5.

Two of the equations of equilibrium and the strain dis-
placement equations yield the z displacement and the shearing
strains as

Klex*/2]

= Gxzyxz (lOa)

TV* = Gyzyyz (lOb)
For the nonhomogeneous beam, Eqs. (8), (23), and (29) of
Ref. 2 become

x ff= 7- I I .l y e J j A
v * ixEuzdxdy — =dz

M
-—dz

Px ,_= •— (11)KA

where

AffAxEwdA/Px

The shear coefficient K in Eqs. (11) is no longer dimension-
less but has the units of stress. Note that Eqs. (9-11) con-
tain w as the only unknown quantity.

3. Finite Element Formulation

The finite element method appears to be the most suitable
to solve for W(x,y} and hence the entire bending problem.8
The method of Ref. 8 obtains a displacement formulation by
a finite element technique which combines the total potential
energy of all elements adjacent to a given node. The energy
is then minimized to obtain a relation between the displace-
ment at a given node and that of the surrounding nodes. The
solution of Ref. 8 applies only for homogeneous isotropic ma-
terial.

The present Note presents a finite element representation of
the general Saint- Venant bending problem by a direct stiffness
method employed in solving the torsion problem.9 The ele-
ment of Fig. 1 of Ref. 9 is utilized, however, in addition to the
existing loads on this element, the two surfaces perpendicular
to the z axis, in the corresponding bending element, are
stressed an amount of <rz and (<rz + A<j2). In the direct stiff-
ness method** the element distributed surface forces rxz, ryz,
and crz are replaced by discrete corner forces Z^ such that the
virtual work due to all the surface distributed forces is equal
to the virtual work due to the Zi system of forces. This
equality expressed as

i = ff [rxJJa
(8rxz) + ryz(dryz) -

a (12)

is employed to derive the element stiffness matrix.
Consider a homogeneous and orthotropic triangular ele-

ment whose vertices (#1,2/1), (0:2,2/2), (^3,2/3) are numbered
counterclockwise. The stiffness matrix for such a triangular
element will now be derived.

Let the warping function for the triangular element be ap-
proximated by the linear relation

w = wi[(x - z2)F23 - (y - 2/2)^281/20 + w2[(x -
(y - 2/8)^31 ]/2a + w3[(x - aji)7i2 - (y - yi)X12]/2a (13)

where Xa — Xi — Xj and Wi,w2,w3 are the corner displace-
ments. The transformation

&(*,„) = w(x,y) + Dx* + Mx*y + Fxy* + Ny* (14)

simplifies the third equation of equilibrium and Eqs. (10) also
simplify to

- EKlex*/2Gx

yyz =

(15a)

(15b)

Substituting Eqs. (13-15) into Eq. (12) and equating coeffi-
cients of dwi on both sides of Eq. (12) yields the desired stiff-
ness matrix. The resulting relation, as in the case of torsion,9
is of the form

(16)

where the kij coefficients are given on page 6 of Ref. 9, (H —
0) and d coefficients are

i r7. \ ol y Vzy^Jxz= -Kle \~ - -——

E X

- ytMx Z23 - K2e[Ly -

: For description and definitions of terms see Ref. 9.
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C% = —Kle E

Kie (Ixv - yzMy)X*i + KJ 37*/2 - -^2 x
V E

C% — —Kle Iy ——— XlMy

- Kte f37,/2 - V~^ X
\ JLJ

Kle(Ixy -

The quantities M x, My, Ix, I y ) Ixy refer to the area properties
of the element. Having the stiffness matrix for the triangular
element, a stiffness matrix for the arbitrary quadrilateral ele-
ment of Fig. 4, Ref. 9, may be derived as indicated in that
reference. Note that the bending and torsion matrices differ
only in the vector Ct.

The procedure for solution of problems using this matrix,
i.e., the derivation of any "problem matrix" and its solution,
has been given in Ref. 9. Inhomogeneity is achieved by
using different moduli of elasticity in appropriate elements.

4. Numerical Examples

The problem of a sandwich beam of four layers was ana-
lyzed. The inner layers had a modulus which was three times
those of the two outer layers although the Poisson's ratio was
the same in both. The shear stresses, parallel and perpendic-
ular to the load, obtained for a 256-element break up were
within 3% of those obtained from an exact stress function
solution.

The next problem considered was that of a load applied
along a diameter of a circular section of constant Poisson's
ratio, and Young's modulus which varied in proportion to
the absolute value of the distance perpendicular to the plane
of loading. In the finite element method each element was
assigned the average Young's modulus for that element.
The finite element stresses compared favorably with the exact
solution.7

Several other geometric shapes were analyzed and the re-
sults checked (within an acceptable error) wherever possible
with exact solutions and acceptable approximate (thin-sec-
tion) techniques.
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Turbulent Kinetic Energy Equation for
a Transpired Turbulent Boundary Layer

L. K. ISAACSON* AND R. J. CHRISTENSENf
University of Utah, Salt Lake City, Utah

AFEW years ago Townsend1 presented a discussion of
several equilibrium turbulent boundary layers from the

standpoint of the balance of the production and dissipation of
turbulent kinetic energy in the various regions of the boundary
layer. Among the cases considered was the particular case of
a two-dimensional imcompressible turbulent boundary layer
with uniform surface mass injection, which forms the subject
of the present Note. Since that time, a considerable amount
of work has been done on transpired turbulent boundary
layers (Stevenson,2 Kendall,8 AlSaji,4 Simpson, Moffat, and
Kays,5 Dahm and Kendall,6 and Stevenson7) but the approach
offered by Townsend has apparently not been exploited to
date in studies of the inner region of an incompressible tran-
spired turbulent boundary layer.

This Note presents experimental results correlated on the
basis of the turbulent kinetic energy equation. These re-
sults indicate that the use of the turbulent kinetic energy
equation provides additional information concerning the
behavior of the turbulent boundary layer with surface mass
injection.

The case considered is that of a uniform two-dimensional
incompressible turbulent boundary layer developed initial^
over an impermeable surface with mass injected uniformly
over the surface into the boundary layer at a downstream
station. The axial pressure gradient is considered zero.
For this case, the turbulent kinetic energy equation may be
written as (Townsend1 and Bradshaw et al.8)

-f (p)e = 0 (1)(puv)c>{U)/(>y
where (U) and (V) are the mean velocities in the x and y di-
rections, respectively, <g2>/2 = «w2) + (v*) '+ (w2>)/2 is the
turbulent kinetic energy, p is the pressure fluctuation, (p) is
the mean density, u, v, and w are the velocity fluctuations,
and € is the dissipation of the turbulent kinetic energy due to
viscous effects.

Equation (1) represents the rate of change of the turbulent
kinetic energy as the net sum of the convection, production,
diffusion, and viscous dissipation of the turbulent kinetic
energy.

The incompressible turbulent kinetic energy equation may
be converted into a shear stress equation by defining1'8

r/(p) = -{puv)/(p)

01 = T/«pXg2»
L = (r/<p»3/2/e

and

(2)

(3)

(4)

(5)

In these expressions ai and a2 are taken as constants and L is
an energy dissipation length. We should note that Town-
send1 introduced the expression used to model the diffusion
term [Eq. (5)] from arguments concerning the structural
equilibrium of the turbulence together with the sign of the
gradient of the turbulent kinetic energy term. Bradshaw
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